Appendix A

Notation

A.1 Sets, Relations, and Functions

A.1.1 Some notation for sets

If B is a set of sets, we denote by | J B the union of all sets in B. For two
natural numbers n,m € IN, we denote by [n..m] = {i € IN | n <i < m} the
integers from n to m, extremes included. Given two states A and B, their
disjoint union is given by AW B = (A x {0}) U (B x {1}).

A.1.2 Binary relations

Composition. Given three sets A, B, C, a binary relation p C A x B, and
a binary relation 7 C B x C, we denote by 7o p = {{a,c) € AxC | 3 €
B.{a,b) € pA(b,c) € T}. We will also write p ® 7 for 7 o p, to remedy a
historical idiosyncrasy about argument order in relation composition.

Transitive closure. Any binary relation ~C A% can be enlarged and
made transitive by computing its transitive closure ~*. The transitive clo-
sure ~1 of ~ is the smallest relation that is transitive, and such that ~C~7.
If A is a finite set, ~* can be computed by setting ~g=~, and ~j 1=~ 0 ~,
for k > 0; we have then ~T= limj_,o, ~, where the limit can be computed
in a finite number of iterations (it suffices to stop once an m is reached such
that ~,,=~,+1). The transitive, reflexive closure ~* of ~ is defined by
~*=~T U{(a,a) | a € A}.

Inverse. The inverse of a binary relation ~C A? is the relation ~~1 de-
fined by ~~1= {{a,b) | (b,a) €~}.
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Equivalence relations. Given a set A, we say that a binary relation
~C A? is an equivalence relation if the following three conditions hold:

1. Reflexivity: For all a € A, we have a >~ a.
2. Symmetry: For all a,b € A, if a >~ b, then b ~ a.
3. Transitivity: For all a,b,c € A, if a ~ b and b ~ ¢, then a ~ c.

A partition of a set A is a set T C 24 such that UT = A and, for all
B,C € T, such that BN C = (). A partition T induces an equivalence
relation ~7C A? defined by a ~7 b iff there is B € T with a,b € B. If ~
is an equivalence relation, then we can define for all a € A the equivalence
class of a by [a]~ = {b € A | a ~ b}. We indicate with A/~ = {[a]~ | a € A}
the quotient of A with respect to ~. This quotient is a partition of A: for
all a,b € A, we have that either [a]~ = [b]~, or [a]~ N [b]~ = 0.

Given two equivalence relations ~,~,C AZ?, the relation ~; N ~ is
again an equivalence relation. The relation ~; U ~5 is not necessarily an
equivalence relation, since it may not be transitive. On the other hand,
(1 U )% is again an equivalence relation, and in fact is the smallest
equivalence relation that contains both ~; and ~.

We say that an equivalence relation ~; is finer than ~y if ~;C~y (con-
versely, we may say that ~ is coarser than ~p). If ~; is finer than ~,
we also say that ~1 refines ~5. If ~1C~y then for all a € A we have
[a]~, C [a]~,, justifying the finer/coarser terminology. In particular, for all
a € A we have that [a]~, can be written as

= (], 0 € [a)=}.

Problem 1. Give an example of a set A and two equivalence relations ~4
,~5C A? such that ~; U ~ is not an equivalence relation, and another
example such that ~; U ~5 is an equivalence relation. =

Functions. Consider two ordered sets A and B. A function f: A+ B is
monotonic if, for all a,a’ € A, we have that a < o’ implies f(a) < f(a’). A
function f : A — B is strictly monotonic if, for all a,a’ € A, we have that
a < a' implies f(a) < f(a’). Given a function f : A — B, the image of f is
the set Im(f) ={be B|3Ja € A. f(a) =b}.
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A.2 Sequences

Given a set A, we let

A* = fj AF At = fj A¥
k=0 k=1

Thus, A* is the sets of finite sequences of A, and AT is the set of finite
non-empty sequences of A. Given a sequence o € A*, if ¢ € A* then we say
that the length of o is k, written |o| = k. For 0 < i < |o|, we denote by o[i]
the i-th element of o (starting from the left); hence, the first element of o
is o[0]. We denote by € the empty sequence of elements.

Concatenation. For 01,09 € A*, we denote by oy - 09 € A* the concate-
nation of the sequences o1 and o9. Formally, o1 - o9 is defined by

|01 - o3| = [o1] + |02,
(01-02)[k]201[1€] O§k<’0'1‘,
(0'1-0'2)[k+‘0'1‘]20'2[k] 0<k< ’0'2‘.

Occurrence. We say that an element a € A occurs in ¢ € A*, written
a < o, if there is 0 < k < |o| such that a = o[k].

Prefixes. Given a sequence o € A*, we denote by last(c) = of|o|] the
last element of o. A sequence o’ € A* is a prefiz of a sequence o (written
o' < o) if there is a sequence o’ € A* such that ¢’ - 0" = 0. A set L C A*
of sequences is prefix closed if, whenever it contains a sequence, it contains
also all the prefixes of that sequence. Formally, L is prefix closed if for all
o € L and all 0/ € A* with 0/ < o, we have ¢’ € L.

Interleaving. Consider two sequences 01,09 € A*, and let k; = |o7| and
ko = |02, and k = k1 + ko. The interleaving o1 X o9 of o1 and o9 is the set
of all sequences o with |o| = k; + k2, and such that there are two strictly
monotonic functions f; : [0..k; —1] — [0..k—1] and fa : [0..ke —1] — [0..k—1]
such that:

1. Im(f1) NIm(f2) = 0;
2. for all ¢ € [0..k; — 1], we have o1[i] = o[f1(9)];
3. for all ¢ € [0..ky — 1], we have oa[i] = o[f2(7)].
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Intuitively, each element of o X o9 corresponds to a merge of the sequences
o1 and o9 that preserves the relative order of the symbols of o1 and oy. For
instance, if o1 = abedef and o9 = 12345, then 12a3bcdjef5 € o1 X o5.
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